Math 12 - Fall 2016 - Exam 3 Solutions (chapter 7)

2 -+ tan?
1. (10 points) Simplify the expression: w
, ) ) sec?
2+t
sor; 2HAe) _ 1Hsecn) oo 4

sec? x sec?(x)
2. Prove the identity:
(a) (sinz + cosx)? = 1 + sin(2z)
Expand the square on the left: sin? z + 2sin x cos z + cos® 2 and substitute using the Pythagorean

identity to get 1 + 2sinx cosx Then use the identity 2sin x cos x = sin 2z to prove the identity.
sin 6

(b) ———— —cotf = cscl
1 — cosf
1+ cosf siné ‘0 sin € + sin 6 cos 0 ‘0 sin € + sin 6 cos 0 ‘0
—cotf = —cotf = — co
1+ cosf1—cosf 1 —cos26 sin2 0

=cscl +coth — cotf = csch

3. Prove that cos(a + ) cos(8) + sin(a + ) sin(5) = cos a.
There are two ways to approach this:
(1) Try expanding using the addition identities:
cos(a+ f3) cos(B) + sin(a + B) sin(B) = (cos acos B — sin asin 3) cos B + (sin acos 8 + sin 5 cos o) sin § =
Now distribute and regroup the terms to use the Pythagorean identity:
cos a(cos? 8 + sin? B) — sin asin B cos 8 + sin asin B cos 3 = cos a

(2) Alternatively, use the product-to-sum identities:
cos(a+ f3) cos(B) +sin(a+ B) sin(B) = 3(cos(a+28) +cos ) + 3 (cos a — cos(a+28)) = 3 cosa+ 5 cosa

4. Find values of C' and ¢ so that the given sum is equal to Clsin(wt + ¢):
(a) v2cos(5x) + 2sin(5z) = /2 + 4sin(5x + arctan(v/2/2)) = v/6sin(5z + arctan(v/2/2))
(b) V3sin(mz) 4 2cos(mx) = /3 + 4sin(rx + arctan(2/v/3)) = V7 sin(mz + arctan(2v/3/3))

2 V2
\[Z VG = ;_ V3 by considering that sin (ig) = sin <% + %) = sin 5772/6>
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SOLN:S]H<6+Z):SIH<E>COS(Z>+COS(6)SIH<Z> 72+7372:¥
sin <57T/6> — 1+COS(57T/6) 2+\/§

2

5. Show that

[l

2 2

6. Use the addition identity for tan(z) to write tan(3z) in terms of only tan(z). Simplify. Verify that you

. T
formula is correct at z = —

2tanx
tan(2z-+) tan2x + tanz 1_tan2x+tanw 1 —tan?2z 2tanz +tanz —tan®z  3tanz —tandz
an(zxr—+—ar) = = . — —
1 —tan 2z tanx . 2tan’ z 1 —tan?z 1 —tan?z — 2tan®x 1 —3tan?z
1 —tan?zx

Atxzz, —1 =tan 3m :3_1 check.
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7. (a) Prove that sin(z) + sin(y) = 2sin <;1:—;—y cos £ ; Y

Let x = A+ B and y = A— B. Then 2A = z +y and 2B = x — y so that sinz + siny =
sin(A + B) +sin(A — B) = sin Acos B + sin Bcos A + sin Acos B — sin Bcos A = 2sin Acos B =

() on ()
(b) Prove that cos(z) + cos(y) = 2 cos x+y> < )

cos(z) + cos(y) = cos(A+ B) +cos(A — B) = OSACOSB —sin Asin B + cos Acos B +sin Asin B =
2cosAcosBchos< —2Fy> ( Y

(c) Prove that sine 4 siny = tan (a: i y>

COS X + cosy 2

Substitute from the results of parts (a) and (b) and reduce by the common factor of 2 cos <chy>

sin 6
then use the identity, —— = tan.
cos 6

8. Consider the diagram at right which we’ll use to prove the addition identity for sin(a + f).

(a) Express AD in terms of b and «. : sina = - ¢ AD = bsina

_ BD
(b) Express BD in terms of a and . : sinf = — < BD = asin 8
a

(c) Express CD in two ways:

e in terms of b and a. : CD = acos 3 = bcos a

e in terms of a and S.

(d) Express the area of AABC' in terms of a, 3, a and b:
Area= labsin(a + B)

(e) Use the fact that the area of AABC is the sum of areas of ACBD and AACD to prove the addition

identity.

ANABC = ACBD+ANACD & %ab sin(a+ ) = 5@-@—# %EC’T = %ab sin B cos o+ %ab sin e cos 3

9. Solve the equation.
(a) (2cos(30) —1)(2cos(30) +1) =1

+v2 k 4k +1
@4(}052(39))—1:1@008(39):;[<:>3ﬁzj:;r+7rk‘<:>0=f2+;:(l+2)ﬂ keZ

(b) cos(30) — cos(70) =

Use the addition identities like so: cos(56 — 260) — cos(56 + 20)

cos 50 cos 260 + sin 50 sin 26 — (cos 56 cos 20 — sin 560 sin 260) = 2 sin 560 sin 20 = 0 so either sin50 = 0 <
km km

9:? or 9:7,1{762




