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Forest Carbon Uptake and the Fundamental
Theorem of Calculus
John Zobitz (zobitz@augsburg.edu), Augsburg College, Minneapolis, MN
The fundamental theorem of calculus connects net change in a quantity to its rate of
change. A typical classroom application is to determine net distance traveled from
velocity. The fundamental theorem can also be used to investigate the dynamic nature
of terrestrial ecosystems and their role in the global carbon cycle, an application that
is just as accessible to calculus students as distance, and highly relevant today.
Figure 1 shows the diurnal average net ecosystem carbon exchange (NEE) between
a terrestrial ecosystem and the atmosphere during July for a high-elevation coniferous
forest [6]. Net ecosystem exchange is a rate (measured in grams of carbon per m2 per
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Figure 1. Diurnal average net ecosystem carbon exchange (NEE) for a high-elevation coniferous forest for July 2011. Positive values represent a net flux of carbon to the atmosphere.
Gray shading represents nighttime values.
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half hour) that represents the net biosphere-atmosphere exchange of carbon per unit
area of an ecosystem, or the net carbon flux per unit time.
Measurement of NEE derives from principles of mass conservation [1, 2] and requires knowledge of micrometeorology and environmental biophysics. Diurnal variation in NEE is due to a variety of factors. Biological processes such as photosynthesis
(uptake of carbon from the atmosphere by plants) and respiration (release of carbon
to the atmosphere) all influence the measured value of NEE during the day. Photosynthesis is light dependent reaction, so typically NEE is negative during daylight. Other
processes affecting net ecosystem carbon exchange are seasonal transitions (phenology) and the weather. NEE, along with supplementary measurements and mathematical models, is used to estimate ecosystem photosynthesis and components of ecosystem respiration [8].
NEE is the rate of carbon exchange. The fundamental theorem says that net carbon
uptake is the cumulative integral of NEE across time:
cumulative net carbon uptake =

Z

t

NEE(x) d x.

0

In other words, the signed area underneath the curve in Figure 1 is the total amount of
carbon taken up by an ecosystem over the course of a day. Using numerical integration
(a left endpoint Riemann sum), this value is approximately −1.80 grams of carbon per
m2 , showing that the ecosystem is a net absorber of carbon in the summer.
After a class develops this understanding of net ecosystem exchange, I display the
diurnal average during January (shown in Figure 2). Careful inspection of the vertical axis shows that the net ecosystem carbon exchange is not zero. During January,
this coniferous ecosystem is cold and has a dense snowpack. The primary biological
activity during this time period is respiration, so the measured NEE is positive. The
total signed area is approximately 0.40 grams of carbon per m2 , so the ecosystem is
a small, net carbon source in the winter. Contrasting the two months (January versus
July) reveals the dynamic nature of terrestrial ecosystems.
January 2011 diurnal average
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Figure 2. Diurnal average of net ecosystem carbon exchange for a high-elevation coniferous
forest in January.
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A network of over 500 sites measure NEE worldwide [7]. Some of these sites have
been established for longer than a decade. There is an astounding amount of data to analyze. Many of these sites allow open access to a portion of their data [4]. For a longer
term research project, my students access these data and apply the fundamental theorem to determine the annual carbon uptake for various ecosystems. Some examples
are shown in Figure 3. Niwot Ridge is the site whose data are shown in Figures 1 and
2. Collelongo is a deciduous Mediterranean forest [3]. Black Spruce is a Canadian boreal coniferous forest that had a significant burn in 1994. This annual pattern of carbon
uptake suggests forest regrowth from the fire [5].
Collelongo, Italy
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Figure 3. Cumulative net carbon uptake for a high-elevation coniferous forest (Niwot Ridge),
a deciduous Mediterranean forest (Collelongo), and a boreal coniferous forest (Black Spruce).

These three sites illustrate the variation in carbon uptake across ecosystems. The
negative values show that all the ecosystems are net carbon sinks, and the trend is
toward increasing absorption of carbon. Analysis of NEE helps scientists understand
how climate change affects ecosystem carbon uptake locally, and provides context for
understanding carbon uptake globally.
Conclusion. Determining ecosystem carbon uptake is a stimulating case study in
the application of the fundamental theorem of calculus and numerical integration. Because the data come from current research and are accessible to the public, students
are exposed to the interdisciplinary nature of science, and gain more insight into the
mathematics of planet Earth.
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Summary. Using the fundamental theorem of calculus and numerical integration, we investigate carbon absorption of ecosystems with measurements from a global database. The results
illustrate the dynamic nature of ecosystems and their ability to absorb atmospheric carbon.
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Climate Modeling in the Calculus and
Differential Equations Classroom
Emek Köse (ekose@smcm.edu) and Jennifer Kunze (jckunze@smcm.edu), St. Mary’s
College of Maryland, St. Mary’s City, MD
We introduce here the basic principles of climate science for a one-dimensional Energy
Balance Model (EBM), as first proposed by Peter Imkeller [2]. Calculus and differential equations students can use it as a basis for further research into the climate system,
particularly the ice-albedo feedback mechanism.
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