Math 1A — Chapter 3 Test — Typical Problems Set Solutions

1. Usethe definition of the derivative to compute each of the following limits.
"] — i |
o limy oo ETE ST ) = (6354 1) pp = 1
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2. Find equations of the lines tangent to the curve y = 2whlch are paralle to theline
v — 0.48x = 0. Sketchagraphillustrating thesetangenmes
SOLN:
v (142 —a2 _2 2
y = ) = 1 —048=2o12(14+x) — 2542522 =0 = 12x*+
(1+x2) (1+x2) s
49x2—13=10

The discriminant of this quadratic is 49° — 4(12)(—13) = 2401 + 624 = 3025 = 557 50
—49 455
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x=4 % The equations label the these tangents below:
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the positive solutions are x* = = iwhencetheslope of atangent lineis 0.46 = E when

2

3. Newton'slaw of gravitation says that the magnitude F of the force exerted by a body of massm
on abody of mass M is
_ GMm
=
a Find dF/dr and write a sentence of two explaining what that means.
SOLN: — = — Ewm istherate of changein the force of gravitational attraction per change

in dlstance between the masses. Note that dF/dr is negative so F decreases as r increases and
that the rate of changeisinversely proportional to the cube of r.

4. Usethe définition of the derivative to simplify :—r cos(2x).
SOLN:

;;x cos(2x) = lim; L,

cosl2x) (cosi2h)—1) —sinf 21‘3 sinf2h)
!

cosl 2x+2h)—cos(2x) _ lim cosl 2x) cos( 2h) —sin(2x) sin{ 2h) —cosi 2x) -
h—=0

h
cosi2h)—1

— 2sin(2x) limag g sin(2r)

2h

limy, g = cos(2x) limy, g



=0—2sin{2x)
For what values of x does the graph of f{x) = x* 4+ 6x* + x + 4 have a horizontal tangent?
+33

SOLN: f(x}—Bx +12x+ 1—3(x+2}2—11—01:~x——2+—

A curve C is defined by the parametric equations = sin(2t); v =2 cos(t}
a.  Show that C has two tangent lines at the origin and find their equations.

SOLN: The curve passes through (0,0) when t is any odd multiple of = over 2: t = (Ekt1r
i =Ir dy _ = =2sin(t) _
The slopes of thetangent linesat t = L are— c=i§_'5'_rL|c:J_r§ Teot20 o= 21_—_|-1

Thus thetangent linesare y = +x.
b. Find the points where the tangent line in the x-y planeis vertical. . A .
SOLN The tangent line will be vertical when 5 5

; =0 2cos(2t) =0=t= ﬂ In particular, :
t= :,3—”,%’ % correspond to the poi nts k L

(x,3) = (1,v2),(—1, —2),(1, —v2).(—1,4/2).

7. Find an equation for the line tangent to x?v + xy* = 2xy at (1,1).
SOLN: Equate derivatives with respect to x of theleft and right sides

of the equation: 2x}=+x2%+ ¥+ 2:{}?% =2y+ Ex% and plug
in the coordinates for the point of interest:
2+—+ 1+2— 2+2—andsolvefor =—1.

Thus thetangent I|ne isy = 2 - X Notethat the equation can be
simplified by dividing throughby y = 0andx = 0: x + v =
That's much simpler, huh?

"
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8. Lety=4ix

a. Findthe differential dy.
SOLN: dy = ;‘I_E

b. Evaluatedyand,fj.v ifx=8and=Ax=0.1
SOLN: dy = o =) (5)=5; = 0083
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c. Estimate %’8.1 using the linetangent to = i/x at (8,2) . What istherelative error in your

&stimation’?

SOLN: \- /8.1 ¥ 2 + 0.083 = 2.083 Therdative error is an overestimation of
n;.;:.;. " 0.083— uzuuszase- N1794%10°°
9. Find the derivative of the function F(x} = {cos(x))* by first differentiating In v
SOLN:

i%: %_’X In CDS(?:} =In CDS(X} - cosix)

(cos(x))*In cos(x) — x sin(x) (cos(x))*

xsin':x} 1
— y =

¥



10. Consider f(r) = 247 — 347
a. Simplify formulas for thefirst and second derivatives of f{r)
SOLN: £ (r) = —_ 4 = :

= 4+ ==
b. Find thelnflectlon pomt for fir)

2yrd 3Tt
SOLN: Theinflection point is where the second derivative changes sign.

1 2 p=HZ  g,-5/2 anE
_ ._+—;—.__=D=~ - 4:..?1:6:_4:»1“_(—) 5.62
2.\;1:-3 332 2 3 3

3 FE FE™

1 Fer T
] Trace Regr‘aph Mat.h(OFaw| - 655’

v e [Z 000

HMAIN ERD EXACT FUNC

11. Find equations for thetangent linesto v = jr—"_'j that are parallel totheline +2y = 17 .

SOLN: 3 E =1 +ﬁ =y = R so the slope of the tangent lineis paralld to the
givenlinewhere y' =—%¢r—ﬁ=—%1:>(x—1}2=41:~x=1124:~}== 1+ 1
Thus the equations for the tangent linesare y = 2 —%(x— 3andy = —%(x +1).
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12. 11 2(9) = 3and 1 (9) = ~7, find = (*) |,
soLN: £ (29|, = (x—ﬁ - M}) s =22 =2

=2 g 27

13. In afish farm, a population of fish isintroduced into a pond and harvested regularly. A model for
the rate of change of thefish population is given by the equation
dP P(t)
ar — o 1 P P(t)—H-P(t)
where r; is the birth rate of thefish, P, isthe maximum population the pond can sustain and H
is the proportion of fish harvested in ayear. If the pond can sustain a maximum population of
5000 fish, the birth rate is 4% and the harvesting rate is 2%, what (nonzero) population level(s)
weill not change, according to the model.

SOLN: The population will not change when di = 0. Plugging in the parameter values,
0.04(1—=—)P-0.02P =0 = 0.02P — '0.0000087% = 0, so ither P= 0 or

p=—2_— 2500,
g.000008




14. The gas law for anideal gas at absolute temperature T (in kelvins), pressure P (in atmospheres),
and volume V (in liters) is PV = nRT, where n is the number of moles of the gasand R=0.0821 is
thegas constant. Suppose that, at a certain instant, P = 8 atm and isincreasing at arate of 0.14
atm/minand V = 11L and is decreasing at arate of 0.17 L/min. Find the rate of change of T with
respect to time at that instant if n = 10 moles. Round your answer to four decimal places.

SOLN: Equating derivatives of left and right sides of the gas law with respect to't,

R 8y bl v p 08213 T = 8(-17) 4 11(0.14) = —136 4+ 1.54
At dt _ddt dt et T T '
& —T=-1638

15. Usethe definition of the derivative to compute i sec(x).
SOLN:

d . sec{x+h)—sec(x)
—sec(x) = limp_,y ——— =
dx 1 h

li cos(x) cus (A} —sinx) sinth) _ces(x) ~oos(x) cos (h) —sin(x) sin(h)) cos(x)
1My 0 ) ~h ) _Veos{x) cos (A —sin(x) sin(h}} cos(x) _ ) )
lim cos(x0—{cos(x) cos (A)—sin(x) sin(h)) — lim cos(x) (1—cos(h) +sin(x) sin(h) _
h=0y (cos(x)eos (h) —sinlx)sin(h)eos(x) ROy (cos(x)cos(h)—sin(x) sin(h))cos(x)

. 1—cosih . . sinl_h _ sin(x)
cos(x) limy o h + sin(x) limy, - hicas(x) cos(h)—sin(x) sin(h))cos (x) cos2(x)

tani{x)sec(x)

16. Show that the curve described by the parametric equations
x(t) = 1 —cos{mt); w(t) =sin(3mwt)
has two tangent lines wheret = 1/2 and find their equations. Illustrate these in a graph.

SOLN: x =% meansthat 1 — cos(mt) = % = cos(mt) = % & at= i;r—' = 2rkwheek = T.

. _ 1 dy dy fdt 97 .cosl Int) 1 dy _ -3¢ _ -6 _ =
= t=+- == = == —=——=—=—2+3
Withk=0, — 8 dx dx/dr wsinime) I'dx  wv¥dj2 3 v3sothe
; ; Y Y — 1@ _ -3 _ & _ 5=
tangent line has equation y = =2+ E(x 2) ALt A Bz B 243 sothe
tangent line has equation v = Ew’E(x - %)
Y 1 xiti=1-cosimt)
1 \ ¥ith=s1n 37t
A
»
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17. 1f /3 sin(x) cos(y) = 1, find aformula for 2 usi ng implicit differentiation.



18.

19.

20.

SOLN: %{Esin(x} cos(y) =0 = V3 cos (x) cos(y) — 3 sin(x) sin(y % =0 =
dy 1
dx  tan(x) tan(y)

£
Find — (xsin (x)) by finding the first few derivatives and deducing the pattern that occurs.

dved
SOLN:
n 1 2 3 4
o (xsin x) sinx+ xcosx | 2cosx — xsinx | —3sinx—xcosx | —d4cosx+ xsinx
n 5 6 7 8
d" , . . . .
o {xsm (x}} Ssinx+ xcosx | 6ocosx — xsinxy | —Vsinx—xcosx | —8cosx + xsinx

Evidently theré sa4-cycle. Since 63 =4 - 15 + 3 welook to thethird entry in the pattern and

53
deduce that # (xsin (x))= —63 sinx —x cos x

Use logarithmic differentiation to find the derivative of v = (secx)*
SOLN:

o ; d secxtan x
—Iny= Y =Z(xlnsecx)=Insecx+ x(
dx ¥ dx

) =Insecx+ x(

secxtanx)
EBC X EBeCXY
xtanx— lncosx

sothat v' = x(secx)*tanx — (secx)*Incosx

Verify the given linearization In|x = 1| & x at a=0. Then determine the values of xfor which
the linear approximation is accurate to within 0.1

SOLN: Near x=0, f(x) ~ fl0)+ f(0){x—0)=0+1-x =x Tofind wheretheerror in
approximation is no morethan 0.1, solve |In|x+ 1| — x| < 0.1 & —0.3832 =< x < 0.5162
Of course you' d need a calculator (say the T185) to find the roots of

yl=abs(x-I n(abs(x+1)))-0.1:
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|

kROOT ROOT
¥=-.ZHZ1BZ1pHE  »=0 _x=.Eilezziieilz: w=n

21. Find an equation for the linetangent to ¥ = tan™*(sin x) wherex = 0.

SOLN: The point of tangency is at the origin since v = tan™*(sin 0) = tan™*0 = 0. The

. ; — 1 . .
dopeisZ|._, = —sinx—tan ' u = cosx —g = 1. thetangent lineisy = x.
PIS gy lamo = 5 sinx ety 20 = 1. Sothetang y



This seems quite reasonable, given the graph of y = tan™*(sin x| here:
0.75

0.5
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22. Find an equation of the tangent line to the parametric curve x = eVt, y=—tf+t

At the point correspondingtot = 1.
SOLN: The point of tangency has coordinates (e,0) and the slopeis

dy fdt _ —ert+1 5 10 L
2= = = |,y = —— = ——, sotheequationis
|E 1 dx fdt |E =17 ot |E_1 g/2 g €
10x
v = ——(x—e}— 10 ——

23. Find v if x& + & = 1. )

SOLN: Differentiating implicitly, 8x7 +8y7y =0 <y = —j— =

£ £ ],
R Vil s L ot T4y |: e
y = S = 12 =

R - J‘1:
24. Find an equation for the Iinetangent tothecurve v® + 3x2y + x% = 15 at (1,2).

SOLN: 31.r = ~ +6xy+ Ex + 3x? = 0 and substituting (1,2) for (x,y) we have

12—+12+3—+3— EH:HJ = —1 sothetangent lineisy =2 —(x—1)=3 —x
Asabonus check out the graph illustrating the line tangent to the curve:

25. Useimplicit differentiation to find an equation of the line tangent to y* COS(%) =xy—-8 at

(4.2).
SOLN: Equating derivatives of left and right sides,



2
2yﬂ cos(ﬂj —isin(ﬁj —y+ xﬂ and plugging in the given coordinates we have
dx 8 8 8 dx
O—]—T:2+4% - % = —Msothetangent lineis y = 2—4+ﬂ(x—4)
X X

2/3

26. At what point on the curve y =12x“° —4x isthetangent line horizontal?

SOLN: %ZSX_HS -4=0 - x =8 wherey = 16. Herésagraph:
X
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%)
[
2]
gt
[xa]
mi
=
i

27. Deriveasimpleformulafor the derivative disinh’l X
X

SOLN: Notefirstthat y=sinh™ x = x=sinhy. Then consider the basic identity for the

hyperbolicsinecoshzy:1+sinh2y:1+x2soﬂ: t 1 1 :
dx dx/dy coshy 1+x2

28. Find the points on the hyperbola x* —2y* =1 where the tangent line has slope = 2.

SOLN: Differentiating implicitly, 2x— 4y% =0. Substituting 2 for the slope and
X
solving for y we have x =4y. Substituting this into the equation, we have

J14 Z—Mieat[—zm \/ﬁj (2@ _\/ﬁj
e , .

16y"-2y" =l o y=s-pr = x= 7 14 7 ' 14

14
Here'sagraph illustrating this:
2]

S
et
., A

e,

'|I"'|III‘}"IIII:|_I|';"E_||"'|III|
3 2 A 1 A 2 E

<

X =sn4t —cost
29. Let L.
y =cos3t —sint



a Find ﬂ as afunction of t.

dx
SOLN: ady _ dy/dt _ -3sn3t —c_ost
dx dx/dt 4cos4t+snt
2
b. Find d Z as afunction of t.
X
SOLN:

ddy d-3sn3-cost
iﬂzﬂiﬂ _ dt dx _ dt 4cos4t +sint

dxdx dxdtdx dx 4cos4t +sint
dt
_ (4cos4t+sint)(-9cos3t +sint) —( -16sin4t +cost)( -3sin3t —cost)
) (4cos4t +sint)’
_1-36c0s4t cos3t +4cosdtsint —9cos3tsint —48sin4tsin3t -16sin4t cost +
B (4cos4t +sint)’

30. Find a parabolathat passes through (1,10) and whose tangent linesat x=—2and x =1

31.

have
slopes—5 and 7, respectively.
SOLN: Let y=ax* +bx +c sothat y'=2ax+b. First substituteinto this second formto
-4a+b = .
get the 2X2 system 2a E 7_5WhOS€' solutionisa=2and b =3. Now usethe
at+tb=
information about what point lies on the parabolato solve for c:

10=a+b+c=2+3+c=c=5. Thus y=2x*+3x +5 isthe parabola we seek.

Thefigure shows alamp located 31 units to theright of the y-axis and a shadow created by the
dliptical region x* +8y* <9. If thepoint (=9,0) is on the edge of the shadow, how far above
the x-axisis the lamp located?
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SOLN: The coordinates of the lamp are (31,h) and the upper shadow line has slope m= 4—0 SO

1
that the line tangent to the top of the ellipse at (a,Z\/18—2a2 j We can find the slopein terms

of a by differentiating implicitly and also using the rise over run formula:
_ _ 2
2a+16(£\/18—2a2jm:0 em=—_—2__-Ni8-2
2 2520 4(a+9)
This gives an equation we can solvefor a: —4a” —18a =18 -2a” - a=-1
So that the slopeis h =1 = h=5
40 8

32. Find an equation for the line tangent to the curve described by the parametric

__x=sin(3t) —cost T
equations wheret = re

y =cos(3t) -sint



dx t:%r s(3t)+51nt ‘

SOLN: =

=63 T 1

Also, att—— Xy = ( \/25—%}

I\J\l—\

so that y+%:—(6+\/§)[ —1+£J li

is an equation for thetangent linewe seek. ™. -

. - ]

33. A particle moves on a horizontal line so that its coordinate a time t is x = e™'* cos(2t) .
a. Find the velocity and acceleration functions.
dx 1 et

_UX_ L e _atid —_
V_dt 4e cos(2t) —2e™*sin(2t) 2

\/6_56_“4

=- sin(Zt +arctanlj
4 8

(cos(2t) +8sin(2t))

= ;ﬂ = e_: (cos(2t) +8sin(2t)) +e‘:“ (2sin(2t) -16cos(2t))

—t/4

= 5 (16sin(2t) -63cos(2t))

—t/4
65 sm(Zt arctan 63)
16

16
Here are graphs for these:

1 Wil - KW A g

4 L-" alt}
The initial velocity is negative and decreasing, so the initial acceleration is negative.
b. Find the distance the particle travelsinthetime 0<t < 77.
SOLN: From the graphs of x, v, and a shown above it is clear that the position x



starts out positive and moving to the left and then somewhere near t = 1.5 has
achieved a negative position but stopped moving left and is starting to move right. It
continues moving right until near where t = 3 where is starts moving left again for a
bit. To determine the places where the particle turns around, we solve v = O:

\/6759_“4
T

sin(Zt +arctanéj =0 = 2t +arctan% = some multiple of 77

2t+arctanE:ﬂor2ﬂ:>
That is, 8
m 1 1 1 1
t == -Zarctan= or 71-=arctan=
2 2 8 2 8
So the extreme left/right positions of x are at x(0) =1,
m 1 1 1 1 1
X| ——=arctan= | =exp| =arctan= —— |cos| /7 —arctan=
(2 2 8) (8 8 8} ( 8}

8 exp(larc an% —I—STJ -0.6805

\/65 8
1 1 1 1 1
x(ﬂ——arctan—j = exp(— arctan— ——j cos(z ﬂ—arctan—j
2 8 8 8 4 8

8 1 1 77
=——eX arctan— —— | =0.4595
65 p(S 8 4)

Finally, x(77) =e* =0.4559 so the object travels about

(1+0.6805)+(0.4595+0.6805)+(0.4595-0.4559) = 2.8241

c. When isthe particle speeding up? When is it slowing down?
SOLN: The particle is speeding up when the acceleration and the velocity are in the
same direction. Thisistrueinitially, and continues to be true until

65e 4 63 1 63

a= sin(Zt —arctan 63) 0= 2t—arctan— =0 = t ==—arctan— =0.6610
16 16 2 16

Then again when

\/6759_“4
4

sin(Zt +arctan£j =00 2 arctanL = E —IZ larctan—1= 1.509
8 8 2 2 8

v=-—
it starts speeding up in the positive direction until the acceleration becomes negative

aganat t :7—2T+%arctanf—g =2.2318 - then there' s alittle interval at the end when a

and v are both negative after t = n—%arctan% =3.079

Summing up, the particle is speeding up on this union of intervals:

1 63 Via 1 1 IT 1 63 1 1
(O —arctan j O ( arctan— —arctan— (77 —arctan—, ﬂj
2 16 2 2 8’ 2 2 16 2 8

34. Consider f (x)=%/999+x°

d. Find the linearization of at x = 9 and use it to approximate /1999 .



= +1'(9)(x-9) =3/999 +9° T X -9) =12 +(x
f(x)=f(9)+f'(9)(x-9) =999 +9 (999+93)2,3( 9) =12 16( -9)
9 _201

Whenx = 10, f (10) =3/1999 =12 t 5 T g C125625

e. What isthe % error in your approximation?
f(10)—f f
by _ 1(10)-(9) _py08- O - () _0/16 _% =0.046875

O T e y i) 12

35. Find the coordinates of the points where a line through (0,3) is tangent to the unit circle.
SOLN: The point of tangency is on the upper half of the circle so its coordinates have the

form (x, y)
So the slope of a line connecting this point with (0,3) must be y;g . Theslope of aline
X_

tangent to the unit circle can also be found by implicit differentiation:

2X+2yy'=0 < y'=-= 0 Y2 3. x* +y* =3y. Sincethe point is on the unit circle,

y X y
xzzg@x +i

3

Ooll—‘

thismeansthat 1=3y « y=

22 1}

The points are thus (+— 3




