
Math 15 – Discrete Structures – 2.3 Homework Solutions 

 

2.3#24: Let ݂: Ժ → Ժ be defined as  ݂ሺݔሻ ൌ ቄݔ ൅ 3 if	ݔ	is	even	ݔ െ 5 if odd	is	ݔ  

(a)  Show that f is a one-to-one correspondence. 
ANS:  If x is even then there is some integer k such that x = 2k  and thus ݂ሺݔሻ ൌ 2݇ ൅ 3 ൌ 2ሺ݇ ൅ 1ሻ ൅ 1 is odd.  
If x is odd then there is some integer k such that x = 2k + 1 and thus ݂ሺݔሻ ൌ 2݇ െ 4 ൌ 2ሺ݇ െ 2ሻ is even. 
Suppose ݂ሺݔሻ ൌ ݂ሺݕሻ is odd.  Then ݔ െ 5 ൌ ݕ െ 5 ⇔ ݔ ൌ ሻݔNow suppose ݂ሺ  .ݕ ൌ ݂ሺݕሻ is even.  Then ݔ ൅ 3 ൌ ݕ ൅ 3 ⇔ ݔ ൌ  .ݕ

(b) Find a formula for ݂ିଵሺݔሻ. 
ANS:    ݂ିଵሺݔሻ ൌ ቄݔ ൅ 5 if	ݔ	is	even	ݔ െ 3 if odd	is	ݔ  

2.3#30: Let ݂: ܺ → ܻ and ݃: ܻ → ܼ be one-to-one correspondences.  Prove that ሺ݃ ∘ ݂ሻିଵ ൌ ݂ିଵ ∘ ݃ିଵ.	
ANS:  Let ݖ ∈ ܼ.  We need to show that ሺ݃ ∘ ݂ሻ൫ሺ݂ିଵ ∘ ݃ିଵሻሺݖሻ൯ ൌ ⇔	ݖ ሺ݃ ∘ ݂ ∘ ݂ିଵ ∘ ݃ିଵሻሺݖሻ	⇔ ሺ݃ ∘ ݃ିଵሻሺݖሻ	⇔ ݖ1 ൌ  	ݖ
2.3#36: Let ݂: ܺ → ܻ be a function.  For any subset ܷ ⊂ ܺ, define the set ݂ሺܷሻ ൌ ሼݕ ∈ ݕ|ܻ ൌ ݂ሺݔሻ	for	some	ݔ ∈ ܷሽ.  In particular, ݂ሺܺሻ is the image of f. 
(a)  Let ܣ, ܤ ∈ ܺ.	  Does ݂ሺܤ⋂ܣሻ ൌ ݂ሺܣሻ⋂݂ሺܤሻ in general? 
ANS:  No, here’s a counterexample.  Let ݂ሺݔሻ ൌ ܣ and |ݔ| ൌ ሾെ2,െ1ሿ, while ܤ ൌ ሾ1,2ሿ.  Then ݂ሺܤ⋂ܣሻ ൌ ∅ 
while ݂ሺܣሻ⋂݂ሺܤሻ ൌ ሾ1,2ሿ. 
(b) Suppose ݕ ∈ ݂ሺܤ⋃ܣሻ.  Then ݕ	 ൌ 	݂ሺݔሻ for some ݔ ∈ ݔ Therefore  .ܤ⋃ܣ ∈ ݔ or ܣ ∈ ݕ so ,ܤ ∈ ݂ሺܣሻ or ݕ ∈ ݂ሺܤሻ. Thus ݕ ∈ ݂ሺܣሻ⋃݂ሺܤሻ. 
Conversely, suppose ݕ ∈ ݂ሺܣሻ⋃݂ሺܤሻ. Then ݕ ∈ ݂ሺܣሻ or ݕ ∈ ݂ሺܤሻ. So either there is some ݔଵ ∈  ܣ
such that ݕ	 ൌ 	݂ሺݔଵሻ, or there is some ݔଶ ∈ 	ݕ such that ܤ ൌ 	݂ሺݔଶሻ.  Either way, ݔ௜ ∈ ݕ so ,ܤ⋃ܣ ∈ ݂ሺܤ⋃ܣሻ. 


