Math 15 — Discrete Structures— 2.3 Homework Solutions

x+ 3 ifxiseven

2.3#24: Let f: 7 — Zbedefined as f(x) = (¥ T2 1X 1 Evo

(@) Show that f is a one-to-one correspondence.

ANS: If xis even then thereis someinteger k such that x = 2k and thus f(x) = 2k + 3 = 2(k + 1) + 1isodd.
If xis odd then thereis some integer k such that x = 2k + 1 and thus f(x) = 2k — 4 = 2(k — 2) is even.
Suppose f(x) = f(y)isodd. Thenx — 5=y —5 & x = y. Now suppose f(x) = f(y) is even. Then
x+3=y+3ox=y.

(b) Find aformulafor f~1(x).

S x+5 ifxiseven
ANS: f7100) = {x —3 ifxisodd
2.3#30: Let f: X —» Y and g: Y — Z be one-to-one correspondences. Provethat (go f)™1 = f 1o g™t
ANS: Letz € Z. Weneedtoshow that (g o f)((f 1o g™1)(2)) =z
©(geofeofteg (2
©@geog @)
S lz=z

2.3#36: Let f: X — Y beafunction. For any subset U c X, define the set

fU) ={y €Y|y = f(x) for some x € U}. Inparticular, f(X) istheimage of f.

(@ LetA,B € X. Doesf(ANB) = f(A)Nf(B) ingenera?

ANS: No, here’'sacounterexample. Let f(x) = |x|and A = [-2,—1], whileB = [1,2]. Then f(ANB) = @
while f(A)Nf(B) = [1,2].

(b) Supposey € f(AUB). Theny = f(x) for somex € AUB. Thereforex e Aorx € B,soy € f(A) or
y € f(B). Thusy € f(A)Uf(B).

Conversely, supposey € f(A)Uf(B). Theny € f(A) ory € f(B). So either thereissome x; € A
suchthaty = f(x,), orthereissomex, € B suchthaty = f(x,). Either way, x; € AUB, s0

y € f(AUB).



