
Math 15 - Spring 2017 - Homework 3.3 Solutions

1. (3.3 # 20) The recursive definition of all binary trees is as follows:
B1. The empty tree is a binary tree.
B2. A single vertex is a binary tree. In this case, the vertex is the root of the tree.

R. If T1 and T2 are binary trees with roots r1 and r2, respectively, then the tree,

is a binary tree with root r. Here the circles represent the binary trees T1 and T2. If either of these trees
Ti (i = 1, 2) is the empty tree, then there is no edge from r to Ti.

Suppose we modify this definition by deleting part B1, so that an empty tree is not a binary tree. A
tree satisfying this revised definition is called a full binary tree.

(a) Give an example of a full binary tree with five nodes.

(b) Give an example of a binary tree with five nodes that is not a full binary tree.

2. (3.3 # 22) Let G be an undirected graph, possibly not connected. The different pieces that make up G
are called the connected components of G. More precisely, for any vertex v in G, the connected compo-
nent Gv containing v is the graph whose vertices and edges are those that lie on some path starting at
v. Give a recursive definition for Gv . (Hint: Mimic Example 3.14.)
ANS: B. v ∈ Gv.
R1. If x is a vertex in Gv, every edge touching x is also in Gv.
R2. If e is an edge in Gv , every vertex touched by e is also in Gv.
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3. (3.3 # 24) A version of the Sierpinski gasket fractal is shown. In
the first part of Example 3.24, we saw how to define a sequence
of shapes to approximate a given fractal. Using this example as a
guide, give a recursive definition for S(n), where the limit of the
sequence S(1), S(2), S(3), . . . is the Sierpinski gasket.
ANS: (note: missing ‘go home’): S(a, (x, y), n) =

=


Draw equltrl triangle of side 1 at (x, y) : n = 0
S(a/2, (x, y), n− 1)
S(a/2, (x + a/2, y), n− 1) : n > 0

S(a/2, (x− a/4, y +
√

3y/2), n− 1)

Here is some python code to produce the gasket:

import turtle as t

def sierpinski(a, n):
if n == 0:

t.begin fill()
for i in range(3):

t.fd(a)
t.lt(120)

t.end fill()
return

else:
sierpinski(a / 2, n − 1)
t.pu()
t.fd(a / 2)
t.pd()
sierpinski(a / 2, n − 1)
t.pu()
t.lt(120)
t.fd(a / 2)
t.rt(120)
t.pd()
sierpinski(a / 2, n − 1)
#
# Go home !
#
t.pu()
t.lt(60)
t.bk(a / 2)
t.rt(60)
t.pd()

def main():
sierpinski(512, 7)

if name == ’ main ’:
main()
t.mainloop()


