Math 05 — Chapter 5 Test — Spring *11 Name

Show all work for credit. Write all responses on separate paper. Do not abuse a calculator.

1.

. According to your equations in #6, what

Suppose a parabola has vertex at (0,0) and the focal diameter extends from (1,-4) to (1,4).

a. Where is the focus?

b. Where is the directrix?

c. Write an equation for the parabola.

d. Construct a careful graph showing the parabola, focus, directrix and focal diameter.

A hyperbola has asymptotes y = +2(x — 3) and a vertex at (3,6).

a. Find an equation for the hyperbola.

b. Where are the foci?

c. Construct a careful graph showing the hyperbola together with its asymptotes and foci.

Write each of the following conic section equations in standard form. Hint: complete squares for x

and y and balance equations.

a. y*=3(x-2y)

b. 3x*+2)*—6x-8y+5=0

c. Y —4x —2y+16x=19

Suppose an ellipse has a vertex at (—8,0) with foci at (0,0) and (4,0).

a. Plot these three points on the x-axis and indicate an interval of length a and an interval of
length ¢, where a is the distance from the center of the ellipse to a vertex and c is the distance
from the center of the ellipse to a focus.

b. Write an equation for the ellipse in polar coordinate form.

c. Write an equation for the ellipse in parametric form.

5. Write good approximate equations for the TN

hyperbola whose graph is shown at right in
a. Standard rectangular form.
b. Parametric form.

a focus is at the origin? What is the polar
form of the equation of the hyperbola after

|

|

|

|

I
horizontal shift will move the hyperbolaso |

|

|
that shift? !

For each of this problems, show your own personal expression of the solution using a narrative style
documenting each step in your derivation of the solution.

7.

Suppose a conic section has a focus at (0,0), eccentricity e = 2, and a vertex at (9,0).
a. Find a standard polar function for the conic.
b. Find the standard rectangular equation for the conic.
c. Construct a careful graph of the conic showing key components.
d. Find parametric equations for the conic.



e. Pick a point P on the conic which is not a vertex and show that the ration of the distance from

d(P,F)

that point to a focus to the distance from that point to the directrix is ——==¢

d(P.0)

8. Suppose a conic section has a focus at (0,0), eccentricity e = '2 , and a vertex at (0,-8).
a. Find a standard polar function for the conic.

b. Find the standard rectangular equation for the conic.
c. Construct a careful graph of the conic showing key components.
d. Find parametric equations for the conic.
e. Pick a point P on the conic which is not a vertex and show that the ration of the distance from
, : . ... d(P,F)
that point to a focus to the distance from that point to the directrix is ——==¢

d(P,0)



Math 05 — Chapter 5 Test Solutions — Spring "11

1. Suppose a parabola has vertex at (0,0) and the focal diameter i
extends from (2,—4) to (2,4).

Where is the focus? SOLN: (2,0)

Where is the directrix? SOLN: x =-2

Write an equation for the parabola. y* = 8x

Construct a careful graph showing the parabola, focus,

directrix and focal diameter. SOLN: —
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2. A hyperbola has asymptotes y =+2(x — 3) and a vertex at (3,6). 1
a. Find an equation for the hyperbola. 2
SOLN: The center of the hyperbola is the point of 3
intersection of the asymptotes: (3,0). That means that a = 6. i

Since the slope of the asymptotes is a/b =2, b = 3. Thus the "

. .y’ (x - 3)2
equation for the hyperbola is % 9 =1
b. Where are the foci? SOLN: ¢*=a*+b*=36+9=45s0c
=V45=3V5=6.7
c. Construct a careful graph showing the hyperbola together

with its asymptotes and foci.
SOLN: —

3. Write each of the following conic section equations in standard
form. Hint: complete squares for x and y and balance equations.
a. y*=3(x-2y)
SOLN: y*=3(x—2y) < > =3x— 6y &y’ + 6y =3x
— 1?46y +9 =3x+9o (y + 3)* = 3(x+3)
b. 3x°+2)"—6x—8y+5=0 3(x"—2x) + 20— 4y) =-5

o 3(=1)? +2(-2)2=6 So (x;l) +(y_32) -1

c. Y¥-4r-2y+16x=19 )" -2y 4" -40) =19 o (y— 1)’ -4(x-2)° =4

So #—(x—z)%l

4. Suppose an ellipse has a vertex at (—8,0) with foci at (0,0) and (4,0).
a. Plot these three points on the x-axis and indicate an interval of length a and an interval of
length ¢, where a is the distance from the center of the ellipse to a vertex and c is the distance
from the center of the ellipse to a focus.

Jlf
a=10 -:=|2
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SOLN: -B 2 4




b. Write an equation for the ellipse in polar coordinate form.

SOLN: The eccentricity is ¢/a = 1/5 = 0.2 so the standard form is » = _ 02d .
1-0.2cos @
Since (r,0) = (8,1) we have 8= & 4 =d=48s0 r= 2:6 = 48
1-02cosz 6 1-0.2cos@ 5—cos@

c. Write an equation for the ellipse in parametric form.
x=2+10cost

y:4\/gsint

5. The hyperbola whose graph is shown at right at vertices at (£3,0) and
passes through (4,5).

SOLN: &’ =5b*+c2s0 b’ =100 —4 =96 and so

--------------

_______________

2 2 i 1
a. Standard rectangular form. SOLN: % —z—z =1 must hold at (4,5)s0 110 &

16 25 25 7 , 225 x> 7y’
———=leo—S==—cb"=— 50 =
9 b b 9 7 9 225

b. Parametric form. SOLN: x = 3sec() and y = 15V7 tan(z) / 7

6. According to your equations in #6, what horizontal shift will move the hyperbola so a focus is at
the origin? What is the polar form of the equation of the hyperbola after that shift?

SOLN: ¢*=d*+b* =9 +225/7=288/7 so c—12 14

and shifting that far either left or right will

move the focus to the origin.
Suppose we shift to the left. The eccentricity is ¢/a = 4\14/7 so the standard form is

414 p
7 414 . 12414
414 7-414cos@ ’ 7
- cos@
7
. 12J_ .
the polar coordinates (r, 9) ——— -3, | are a vertex and solving for the numerator of the

RHS: -3= =
7 4\/ 7 49 7
———CcosT

1214 a14d 17 4\/ﬁd:3(4\éﬁ_IJLHNF]Z{M-M_I):E

75

so the polar form of the hyperbolais r = — 84—
P P 7— 4x/ﬁ coséd



For each of these problems, show your own personal expression of the solution using a narrative style
documenting each step in your derivation of the solution.

7. Suppose a conic section has a focus at (0,0), eccentricity e = '2 , and a vertex at (0,-8).
a. Find a standard polar function for the conic.

SOLN: Plugging e = ' into the standard polar form we get » = d—/2
l-—sind
2
s0 at (,0) = (8,31/2), 8:%:1361 ~24 so|r= 2;”2 __
1—2gin2% 3 1_Lgng 2-sind
2 2 2

b. Find the standard rectangular equation for the conic.

r | 12 | 24 | 12 | 8
T 37 to see the center is at (0,8) and that a = 16
2 2

and ¢ = 8 whence b* = a® — > =256 — 64 =192.

. x’ ( y— 8)2
The rectangular equation is then — +-~——=1
192 256

c. Construct a careful graph of the conic showing key components.

F

SOLN: Tabulate solutions: 0 ‘ 0

20t
161

e

A2+
6+

-____._E.‘q__ ______

d. Find parametric equations for the conic.

x =83 cos(t)

y= 8+16sin(t)

e. Pick a point P on the conic which is not a vertex and show that the ration of the distance from
that point to a focus to the distance from that point to the directrix is M =e

d(P.1)

SOLN Look at the x-intercept at (12,0). Its distance from the focus (12) is half its distance

SOLN: Plugging into the standard polar form,

from the directrix (24).



8. Suppose a conic section has a focus at (0,0), eccentricity e = 2, and a vertex at (9,0).
a. Find a standard polar function for the conic.
SOLN: Plugging e = 2 into the standard form for the conic, we get

2d :>9:%<:>a’:2 so |7 27

y=— -—_
1+2cosd 3 2 1+2coséd

b. Find the standard rectangular equation for the conic.
SOLN: Starting with the polar form, multiply both sides by 1 + 2cos6 and substitute x = rcosé

and 7 *=x"+)" to get F=%c>r+2x=27:>x2+y2 = (27-2x)’ =729 -108x+ 4x°
+ 2COS

~18)"  ?
Now complete the square for x to get the rectangular form is (x a1 ) — 2); 3 =1

r|9|27|—27|27
37 to see the center is at (18,0) and a = 9.

2

c. Construct a careful graph of the conic showing key components.

Alternatively, tabulate solutions:

6|0 T

z
2

g L., ... Ty T 1 o T TR

d. Find parametri(; equations for the conic. SOLN: Plugging into the standard form
x =18+9sec(r)
y= 93 tan (t)

e. Pick a point P on the conic which is not a vertex and show that the ratio of
(distance to focus) to (distance to directrix)

x:h+asec(t), y:k+btan(t),we get

Jd(PF)
d(P,r)

SOLN: Consider the y-intercept at (0,27). In this case,

d(P.F) 27 _

d(P,l) 135




